Recent developments on intense laser sources is opening a new field of optical sciences. An intense coherent light beam strongly interacting with the matter causes a coherent motion of a particle, forming a strongly dressed excited particle. A photon emission from this dressed excited particle is a strong nonlinear process causing high-harmonic generation (HHG), where the perturbation analysis is broken down.
In this work, we study a coherent photon emission from a strongly dressed excited atom in terms of complex spectral analysis in the extended Floquet-Hilbert-space. We have obtained the eigenstates of the total Hamiltonian with use of Feshbach-Brilloiun-Wigner projection method. In this extended space, the eigenstates of the total Hamiltonian consisting of the radiation field and the atom system have complex eigenvalues whose imaginary part represents the decay rate. Time evolution of the system is represented by the complex eigenvector expansion so that the correlation dynamics between the photon and the atom is fully taken into account. The HHG is interpreted as the irreversible spontaneous photon emission due to the resonance singularity in terms of the multiple Floquet states that are generated by periodic external field. We have found that the interference between the emitted photons over the different Floquet states causes spatial pulse emission correlated with the decay process of the excited atom.
INTRODUCTION
Owing to the development of intense laser light sources, there has been made a great progress in the quantum control of atoms and molecules [1] [2] [3] [4] . An induced coherent motion of materials then generates the high-harmonic radiation whose wavelength has reached to x-ray region [5] [6] [7] [8] .
It has been intriguing to investigate the microscopic mechanism of high-harmonic generation (HHG) to clarify how the temporal coherence of the incident light is transferred to the highharmonic radiation field in terms of not only temporal but also spatial coherence. The study of the coherence transfer through the nonlinear interaction of an atom and/or molecule with the intense laser light may help to understand the generation of the optical vortex recently experimentally observed [9, 10] .
As the interaction with the radiation field increases, the use of the perturbation method becomes inappropriate to describe the dynamics. Instead, Floquet method is a powerful tool to investigate the time evolution of a quantum state under a strong periodic external field [4, [11] [12] [13] [14] . With use of Floquet method, the time evolution of a system with finite degrees of freedom has been studied so far. But when we apply the Floquet method to study the dynamics of open quantum system, such as a spontaneous emission decay process, a serious problem then arises, because we should take into account the interaction with the radiation field with infinite degrees of freedom and we necessarily encounter the resonance singularity. Actually it is a fundamental problem how to derive the irreversible decay process from time reversible microscopic dynamics.
In order to describe the irreversible process based on the microscopic dynamics, Prigogine and one of the authors (T.P.) et al. have developed the theory of complex spectral analysis where the function space is extended to the extended Hilbert space [15, 16] . In the extended Hilbert space, the total Hermitian Hamiltonian composed of a subsystem and the environment may have complex eigenvalues representing decay process. In our preceding works, by using this theory combined with Floquet method, we have investigated the decay dynamics of an impurity embedded in a one-dimensional continuum under a time-periodic external field [17, 18] .
Compared with phenomenological analysis using effective Hamiltonian [19] [20] [21] , this method has a strong advantage that the correlation between the subsystem and the environment is properly described, since the time evolution of the system is represented by the expansion of the eigenstates of the total Hamiltonian. This is essential in the study of the high-harmonic generation, since we have to consider the coherence transfer between the atom and the radiation field in a unified way.
In this work, we study the HHG from the excited atom whose energy is sinusoidally changed by a coherent time-dependent external field by using the complex spectral analysis in the extended Floquet-Hilbert space. We have obtained the complex eigenstates of the total Hamiltonian with use of Feshbach-Brilloiun-Wigner projection method. Time evolution of the system is represented by the complex eigenvector expansion so that the correlation dynamics between the photon and the atom is fully taken into account. We found that the spectral intensity of the HHG is nonlinear to the amplitude of the incident light, as it is determined by the Bessel function in terms of A/ω, where A and ω are the amplitude and the frequency of the incident field, respectively. We have also found that the spatial distribution of the emitted radiation shows a pulse-like emission as a result of the interference of the multiple Floquet resonance states. With use of the complex spectral analysis in the extended Floquet-Hilbert space, it is clearly understood that the temporal coherence of the incident light is transferred to the spatial coherence through the resonance singularity. Some possible applications to the systems with time-dependent strong interaction between matter and the radiation field are discussed in the conclusion.
MODEL AND THE FLOQUET HAMILTONIAN
We consider the spontaneous emission of an excited state of a two level atom when the excited energy level is sinusoidally changed by an external field. In the present work, the Hamiltonian is described by one-dimensional Friedrichs model [17, 22] :
where |d and |k represent the excited state of the atom and an emitted photon state with the energies of d and k = c|k|. The energy scheme is shown in Figure 1 (a). Hereafter we take the units of = 1 and c = 1. We use the box normalization and take the limit L → ∞, making wave number k continuous variable. In Eq. (1), we use V k = (4π k /L) 1/2 (1−θ(||k|−|k c ||)) with a natural cutoff k c (= 2π). We have adopted the rotating-wave-approximation (RWA).
Since the Hamiltonian is periodic in time, H(t + T ) = H(t) with a period of T ≡ 2π/ω, we may apply the Floquet theorem to solve the time-dependent Schrödinger equation, where the solution of i∂ t |Ψ(t) = H(t)|Ψ(t) is assumed to take the form of |Ψ α (t) = e −izt |Φ(t) with a periodic function |Φ(t + T ) = |Φ(t) [4, 11, 12] . The substitution of the wave function into the Schrödinger equation leads to the eigenvalue problem of the Floquet Hamiltonian given as
For the time periodic function Φ(t), we may introduce the time basis denoted by {|t)} in the T -space [24] , satisfying the orthonormality and the completeness relations
whereÎ T is the unit operator in the T -space. The time basis is the eigenstate of the time operator defined byt
so thatt|t) = t|t). The time wave number operator is also defined byp t ≡ i∂ t . The eigenstate ofp t is the time wave number basis given by
where κ n = nω = 2πn/T (n = 0, 1, . . .). The direct product of the time basis space (T -space) and the {|d , |k } atom-radiation-field vector space (R-space) forms the Floquet-Hilbert space, or simply call the Floquet space: F = R ⊗ T space [4, 24] . Any state in the Floquet space is represented by the Floquet basis as
Note the time periodic state in the Hilbert space (R-space) is given by |Φ(t) = |(t|Φ) .
In terms of the Floquet basis, Eq. (2) is represented as a time-independent eigenvalue problem
where the Floquet Hamiltonian is represented by
The unperturbed energy scheme of Floquet Hamiltonian is shown in Figure 1(b) , where there are multiple resonances between the discrete states and the continuum. This multiple resonance in the Floquet space is essential to cause the pulse-like photon emission as a result of the coherence transfer, as shown below.
COMPLEX EIGENVALUE PROBLEM OF THE FLOQUET HAMILTONIAN
In order to describe an irreversible decay from the excited atom emitting a photon, we apply the complex spectral analysis to the present system, where the state vector is represented in the extended Floquet space [15, 23, 25] . The right and left eigenvalue problem ofĤ read
where |Φ is multiplicative in terms of ω:
where the index m distinguishes the Floquet mode and the mode m = 0 is especially called the principal mode [4, 24] . These eigenstates form a complete biorthonormal set in the extended Floquet space,
where indices ofd andk denote the discrete resonance states and the dressed continuum, respectively.
In order to solve complex eigenvalue problem in the F-space, we use the Feshbach-Brilloiun-Wigner projection method by using the projection operators
Acting these projection operators on Eq. (9) yields a closed form of the eigenvalue problem of the effective Hamiltonian in the P -subspace composed of the {|d, κ n ) } basis set:
where the effective Hamiltonian H eff (z) is given by
Note that the eigenvalue problem is nonlinear in the sense that the effective Hamiltonian depends on its own eigenvalue in the eigenvalue problem Eq. (13) . Only when this nonlinearity is taken into account, the eigenvalues of the effective Hamiltonian coincides with those of the total Hamiltonian [15, 26] . In Eq. (14), Σ (n) (z) is the self-energy represented by the Cauchy integral in the limit L → ∞:
Because of the resonance singularity in the self-energy, the effective Hamiltonian becomes non-Hermitian possessing the complex eigenvalues. Even though the effect of the interaction with the radiation field is renormalized into the self energy function, the effective Hamiltonian matrix is still infinite dimensional tridiagonal matrix corresponding to the infinite numbers of Floquet modes. We have solved the eigenvalue problem of H eff by means of the continued fraction method [17] .
In the week coupling case λ 1, the discrete eigenvalue is analytically obtained by an expansion around d as
where J n (x) is the n-th order Bessel function. Once we have solved the eigenvalue problem of H eff (z) in the P -subspace, we can obtain the eigenstate of the total Hamiltonian with the same eigenvalue by adding the Q-component:
In Eq. (17) , N d is normalization constant, and R (n) d is represented by the continued fraction,whose explicit forms are given in Refs. [17, 27] . Since this Floquet resonance state is obtained as a linear combination of the dressed atom states and the dressed continuous states, the coherence between the atom and the radiation field is properly described. It should be noted that there appear resonance singularities at the complex poles of z (m) d = z d + κ m corresponding to the multiple resonance states of the Floquet modes in the Cauchy integral in the second term in the limit L → ∞. In the Cauchy integral, we need to take the analytic continuation toward these complex poles from the upper complex plane [15] .
The eigenstates for the dressed radiation field |Φ
k | are also obtained in the same way. The explicit representation has been given in Ref. [27] .
HIGH HARMONIC GENERATION
With use of the complete set of the eigenstates of the total Hamiltonian in the F-space obtained in the preceding section, we may study the space-time evolution of HHG from the exited atom. Taking into account the orthonormality of the Floquet eigenstates, the wave function is represented in the R-space by
where the state vectors in the R-space are obtained by taking an inner product of |Φ The spectrum of the HHG is obtained by
where
As an example, we show in Figure 2 (a) the HHG spectrum for the case with d = 1.0, ω = 1.2 and A/ω = 2.0, where the spectrum shows several Lorentzian peak profiles at the energy of the resonance poles k = εd + mω and with the width of γd, as given by Eq. (19) . The intensity of each peak is governed by [28] , so that the spectral intensity of the HHG is nonlinear to the amplitude of the incident light, as it is determined by the Bessel function in terms of A/ω, reflecting the renormalized coupling of the dressed atom states with the continuum [18, 28] .
The spatial distribution of the HHG is given by
where the first and the second terms of Eq. (21b) are the Floquet resonance states contribution and the Floquet continuous state contribution, respectively.
As an illustration of the transfer of the temporal coherence of the incident light to the spatial coherence of the emitted field, we show in Figure 2 (b) by the solid line the spatial distribution of the HHG at t = 20, F (x, t = 20), for the same case with Figure 2(a) . The pulse-like photon emission appears as a clear signature of the coherence transfer.
In Figure 2 (b), we also show the resonance state contribution |fd(x, t)| 2 to the spatial distribution by the dashed line. We see that inside the light front determined by x = t the total spatial distribution is almost governed by the resonance state contribution, while both differ from each other outside the light front. It has been revealed that the contribution of the continuous state, k fk(x, t), cancels the spatial distribution outside the light front so that the causality is satisfied [23] .
In order to clarify the origin of the pulse-like photon emission, we shall study the Floquet resonance state contributions fd(x, t) defined in Eq. (21b) as
With use of Eq. (17), the factor in Eq. 
where we have used in the last equality the translation property of Eq. (10) . A simple calculation with use of the Floquet resonance state given by Eq. (17) leads to
Substituting this into Eq. (22) with Eq. (23) and replacing the index n by l = m − n, we have obtained the resonance state contribution in the limit L → ∞ as
where γd is given by Eq. (16) . The interference term of the Floquet resonance states has a beat between the different Floquet modes accompanied with an exponential growth in space with γd. We show in Figure 3 (b) the interference term corresponding to the case with Figure 2 . It clearly shows that the effect of this interference is the cause of the pulse-like photon emission in the HHG. We also show in Figure 3 (a) the diagonal term of the resonance state contribution which monotonously exponentially grows in space with γd and the intensity is determined by the m-th Bessel function corresponding to the HHG spectrum shown in Figure 2 
CONCLUSION
In this work, we have studied the HHG from the excited atom whose energy is sinusoidally changed by a coherent time-dependent external field by using the complex spectral analysis in the extended Floquet-Hilbert space. We obtained the complex eigenstates of the total Hamiltonian with use of Feshbach-Brilloiun-Wigner projection method. We found that the spectral intensity of the HHG is nonlinear to the amplitude of the incident light, as it is determined by the Bessel function in terms of A/ω. We have also found that the pulse-like photon emission of the HHG is caused by the interference of the multiple Floquet resonance states. It shows that the temporal coherence of the incident light is transferred to the spatial coherence through the resonance singularity. The present analysis can be directly applied to the studies of the time-dependent strong interaction between matter and the radiation field, such as dynamical Casimir effect [29] [30] [31] , cavity QED [32, 33] , the generation of the optical vortex [9, 10] , and so on. In order to understand the correlation between the emitted photons and/or between the emitted photons and the material, it is necessary to deal with the material and the radiation field in a unified way. The present method of the complex spectral analysis in the extended Floquet-Hilbert space is useful tool to investigate these correlations.
